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I. INTRODUCTION AND KEY RESULTS

The Lyman-« (Ly-«) forest consists of a series of absorption features in the spectra of distant quasars, produced by
intervening neutral hydrogen along the line of sight. Since the 1990s, high-resolution observations with instruments
such as the High Resolution Echelle Spectrometer [HIRES; 1, 2] and the Ultraviolet and Visual Echelle Spectrograph
[UVES; 3, 4] have enabled precise measurements of small-scale fluctuations in the neutral hydrogen density. These
observations established that the absorbing gas resides in the low-density, highly ionized intergalactic medium (IGM),
providing a transparent link between the neutral hydrogen distribution and the underlying dark matter field. This
connection, in turn, enables precision simulations of the Ly-« forest. Because the neutral gas is in photoionization
equilibrium with an approximately uniform ultraviolet background, the Ly-« forest probes density fluctuations from
cosmological down to Mpc scales and below over a wide redshift range (2 < z < 5) using ground-based observations.

High-resolution spectra have enabled analyses deep into the small-scale regime (kmax < 102 Mpc™!) through mea-
surements of the line-of-sight (or one-dimensional) power spectrum [5-12]. These measurements are sensitive to a
broad range of fundamental physics, including neutrino properties [5, 8, 13-17], primordial black holes [18-20], dark
matter models [21-31], the thermal history of the ionized IGM [32-43], non-minimal cosmological models [44-46], and
the running of the spectral index [15, 47].

Over the past two decades, Ly-« forest surveys have expanded dramatically in both spectral resolution and the total
cosmological volume probed. Large samples of medium-resolution quasar spectra from the extended Baryon Oscillation
Spectroscopic Survey [eBOSS; 48] and, in particular, from the ongoing Dark Energy Spectroscopic Instrument [DEST;
49-52] now enable cross-correlation analyses across many independent lines of sight. These multi-skewer maps trace
the large-scale structure of our Universe, containing information similar to that provided by spectroscopic galaxy and
quasar surveys at high redshift, but with a significantly wider dynamic range [49, 53, 54].

Observations of the Ly-a forest constrain the expansion history of the Universe through measurements of the baryon
acoustic oscillation (BAO) feature [51, 55-58] and through the broadband shape of the three-dimensional correlation
function [53, 56, 59-61]. The mapping between neutral hydrogen and underlying dark matter has motivated the
development of high-fidelity numerical simulations of the Ly-a forest [62-72]. These simulations are commonly used
to calibrate linear-theory-based models augmented by phenomenological fitting functions that account for nonlinear
growth, pressure smoothing, and line-of-sight velocity broadening [73-75].

At the current precision set by the finite sampling of quasar sightlines (i.e., the shot-noise limited regime for galaxies),
such modeling approaches have yielded robust cosmological constraints [50, 51, 61, 76]. However, DESI is expected to
observe up to one million quasar spectra over its lifetime, with forecasts indicating a cumulative precision below the
0.2% level when combining all tracers and redshift bins [49]. Achieving this level of precision requires exquisite control
over theoretical systematics. Indeed, recent studies have demonstrated that phenomenological Ly-« forest models bias
the inferred BAO scaling parameters — the primary observables for constraining the cosmic expansion history with
DESI — at the 0.3% level [77, 78]. These findings indicate that existing modeling frameworks are approaching their
limits, motivating the development of more accurate and robust theoretical descriptions for current DESI data and
forthcoming surveys such as DESI-II, the WEAVE-QSO survey [79], the Prime Focus Spectrograph [PFS; 80] and
4AMOST [81].

One can remove the bias on the BAO inference within the framework of the effective field theory (EFT) of large-
scale structure, which has recently been extended to the Ly-a forest [77, 85-87]. The EFT formalism provides a
perturbative description of large-scale dynamics by incorporating only the symmetries relevant to the tracer [88-91].
In the case of the Ly-« forest, these include the equivalence principle and rotational invariance around the line-of-sight
direction 2, corresponding to the SO(2) group [15, 85, 86, 92-95]. Whilst this paves the way to directly constrain
cosmological parameters through the one-loop power spectrum (in the context of low-redshift galaxy surveys, see,
e.g., [96-101]) a key challenge for cosmological analyses is that the large range of scales involved require large-volume,
high-resolution simulations to validate inference pipelines.

High-resolution hydrodynamic simulations accurately capture the involved physics on small to intermediate scales
but running a set of simulations covering a wide range of cosmological and astrophysical parameters, whilst capturing
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FIG. 1. Summary of Results: We fit an analytic, perturbative forward model at the field level to high-resolution hydrody-
namic simulations, and use it to generate large-volume realizations. In the left panel, we fit small-volume (V = (160 k™ 'Mpc)?)
Sherwood hydrodynamic simulations of the Ly-« forest [82]. In the right panel, a similar framework is applied to high-redshift
galaxy simulations (such as Lyman-a emitters and Lyman-break galaxies) from Astrid in a (250 hilMpc)?’ volume [83, 84].
These calibrated models enable the generation of large-volume simulations (here: V = (2000 A~ *Mpc)?) here depicted as larger
3D boxes. Red (blue) regions correspond to over- (under-)dense regions. The field-level fits benefit from cosmic variance can-
cellation when using the same set of initial conditions (ICs) for the forward model as for the input hydrodynamic simulation.
Coincidentally, two simulations calibrated on different simulations using the same ICs can be used for cross-correlation analyses
of the Ly-« forest and high-redshift galaxies — a key science driver for DESI-II.

cosmological volumes is prohibitively expensive. To mitigate this, several approaches have been developed to connect
the observed flux to the underlying matter field for large-scale clustering simulations [78, 102-109]. In particular,
deep learning-based reconstruction methods [110-114] yield promising results at intermediate to small scales but do
not fully capture the long-wavelength quasi-linear modes. An alternative avenue are emulators that directly predict
a summary statistic such as the power spectrum [115-118]. Whilst these offer per cent level accuracy for a wide
range of scales they depend on (i) fits to power spectra of small-volume hydrodynamic simulations suffering from
cosmic variance; and (ii) are restricted to the power spectrum. Whilst paired-fixed simulations reduce cosmic variance
limitations [119], the resulting emulators cannot directly be generalized to other summary statistics. A forward model
at the field level, however, needs to match all the amplitudes and phases of all Fourier modes — a more stringent test
of the theoretical framework than comparing summary statistics — all whilst yielding higher-order moments of the
field.

To enable cosmological analyses of the Ly-a forest from DESI and DESI-II that incorporate two- and, eventually,
three-point statistics, we present a computationally efficient framework for generating large-volume simulations cali-
brated on high-fidelity hydrodynamic simulations. This work provides the theoretical background for Ref. [87], where
this technique was first introduced for the Ly-a forest, and extends earlier developments in perturbative, field-level
modeling [120-125]. The same framework generalizes to simulations of high-redshift galaxies, enabling validation of
cross-correlation measurements between the Ly-a forest and galaxy positions. Such joint analyses help break the
degeneracy between the growth rate f and the otherwise poorly constrained velocity-gradient bias [126, 127]. More
broadly, the simulations developed here provide a controlled environment for validating end-to-end full-shape inference
pipelines and for quantifying key physical systematics, including shifts of the BAO feature [77, 128].

We validate our perturbative forward model using two complementary sets of simulations. First, we employ the
large-volume N-body simulations from the ABACUSSUMMIT suite, onto which the Ly-« forest is painted, spanning
a volume of V = 23 (h=1 Gpc)? [102]. Second, we use two sets of the Sherwood hydrodynamic simulations, which
cover a volume of V = 1603 (h~! Mpc)? and V = 80% (h~! Mpc)? [82]. A key advantage of performing field-level fits
is the resulting cancellation of cosmic variance, which enables tight constraints on both cosmological and nuisance
parameters even for small-volume simulations.

In this work, we present two main results. First, we fit and predict the shapes of the bias transfer functions using
a perturbative bias expansion directly at the field level. Second, using the resulting field-level fits, we generate large-
scale clustering simulations. Examples of these simulations are shown in Fig. 1, with the Ly-« forest displayed in the
left panel and high-redshift galaxies in the right panel. The methodology developed here is critical for forthcoming
cosmological analyses, as existing large-scale clustering mocks [129, 130] are approaching their limits when targeting
scales an order of magnitude smaller than the current baseline for analyses of the Ly-a broadband shape of r =~
25 h=! Mpc [61]. Especially, since the Ly-a forest is one of the only ways of probing the high-redshift Universe
(2 < z £ 5) ahead of next-generation surveys such as DESI-IT and Spec-S5 [131].

This paper provides the theoretical foundation of the Ly-a forward model presented in a Letter in Ref. [87] and
is organized as follows: We review the perturbative forward model of the Ly-a forest and halos (as proxies for high-
redshift galaxies) in redshift space in Sec. II. In Sec. III we present the used synthetic data. We assess the performance
of our perturbative forward model in Sec. IV and investigate the obtained transfer functions from our field-level fits in
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Sec. V. In Sec. VI we compare the measured transfer functions to theoretically expected ones and use these transfer
functions to create large-scale clustering mocks encompassing cosmological volumes in Sec. VII. We conclude and
discuss future work in Sec. VIII.

II. BUILDING THE FIELD-LEVEL MODEL

The description of the cosmological Ly-a forest correlations begins with the linear theory model [73, 92],
O3 (K, 2) = (b1 = by fr*)ou(k, 2) (1)

where by, b, are linear bias parameters, f = dln D, /dIna is the logarithmic growth factor, u = k) /k = k- % is the
cosine of the angle to the line-of-sight, Z, and J; the linear density field, which can be rewritten as

d1(k, 2) = 010(k) D4 (2), (2)

where d1,0(k) is the initial condition field extrapolated to redshift zero and Dy (z) is the linear growth factor. In
simulations, 01 0(k) is the random scalar field generated from the linear matter power spectrum of initial conditions.
For brevity, we will suppress the time dependence of §;, implicitly assuming that this quantity is always evaluated
at the simulation redshift z. The model in Eq. (1) reproduces the well-known linear theory model for the flux power
spectrum,

(6r(K)Op(K)) = (21)°6%) (k + k') (6r (K)0r (k) = (21)%8%) (K + k') P(k, 1)
Pr(k) = (b1 — So1®)? Piin () (3)

linear

where Py (k) is the linear matter power spectrum (evaluated at redshift z) where we use [, = [d®k/(27)3. The
above coefficient (by — fb,u?)? is the well-known generalization of the Kaiser factor for galaxies [73, 92, 132], which
can be recovered by setting b, = —1.

From this discussion it is clear that all phases of the Ly-« field are captured by the field §;(k) in the linear
approximation. It is thus convenient to split the theory model from Eq. (1) into parts that make the amplitude and
phase dependence manifest. Absorbing the Kaiser factor into Eq. (1) into a momentum-dependent transfer function
yields

05" (k, z) = Bi(k, p)or (k. 2). (4)

The advantage of this approach will become evident at the non-linear level, where the transfer function g; will also
account for the one-loop corrections.

The success of the linear theory model in describing the simulated Ly-« field (5}5““‘ can be estimated using the error
power spectrum,

Porc(k) = (|05 (k) — 65 (k)[?)" . (5)

On very large scales (i.e. in the limit & — 0), the non-linear corrections to our model are expected to be small, so the
only expected source of error in the model should be the stochastic field e,

op (k) = 05" (k) + e(k) (6)

which by definition does not correlate with §i* generated by cosmological fluctuations. In general, e(k) is the Ly-«
flux decrement component produced by small-scale processes unrelated to large-scale initial conditions. In the context
of galaxies and halos, the field e(k) captures the shot noise which arises due to the discreteness of tracers. Using this
analogy, the stochastic field of the Ly-« forest could be thought to originate from the discreteness of absorption lines.
Due to their large numbers it is expected to be extremely small. This logic, however, is not fully correct because it
assumes that the discreteness is generated at the level of absorption lines. One can consider that Ly-« absorption is
produced by neutral hydrogen clouds whose distribution also has a stochastic component. This discreteness of the
Ly-a clouds can be used as a first proxy to understand the stochasticity of the forest.

Within the EFT for LSS framework [89-91, 94, 133-135], one uses perturbative Taylor expansions to parameterize
unknown functions. In this approach, the error power spectrum assumes the following expansion valid in the &k — 0
limit:

P (ky 1) = no(1 + ark? + agk?u® 4 ...), (7)
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where ng, a2 are dimensional constants whose values are set by the Ly-a physics. For galaxies, ng can be estimated
at leading order as 1/7, where . = N/V is the galaxy number density (N is the number of galaxies in the comoving
volume V). The relevant distance scale in this case is the mean separation R = (V/N)'/3 between the individual
galaxies. Applying the same argument to the Ly-a forest and assuming for simplicity that the individual tracer is a
neutral hydrogen cloud whose separation to its neighboring cloud is about 0.5 h~'Mpc, we get an estimate

ng ~ R*~ 0.1 [h"'Mpc]®* aj9~ R?~ 0.3 [h~'Mpc]* . (8)

As we shall see, this naive estimate will turn out to be quite accurate for the actual Ly-a simulations. Importantly,
the stochasticity expansion features scales that are in general different from those that appear in the perturbative
bias expansion. The latter can be estimated as a non-linear scale, where matter density fluctuations become of order
one [136],

k3, ~1
5.2 N (kne, 2) =1, = knn ~ 5 hMpc at 2z =28. (9)

If the theory model is accurate, we expect to recover the scale-dependence suggested by Eq. (7) on large scales.
If there is a significant correction to the naive linear model (4), this will generate a noticeable scale and orientation
dependence not captured by Eq. (7). What corrections do we expect?

First, the displacements of dark matter particles in our simulations are large, and have to be treated non-
perturbatively. If unaccounted for, they produce large distortions of baryon acoustic oscillations, which show up
as a mismatch between the linear model and actual phases of the density field. This effect is well understood, and
can be corrected for by using the linear density field d; shifted by the Zel’dovich displacement in lieu of 67 [137]. In
what follows 51 will be referred to as the shifted linear field.

Sl(k) =/d3q 51(q)e_ik'(q‘“/’l(‘1)+f2(¢1(tI)'2)) : (10)
where g denotes Lagrangian space (initial) coordinates, and 1 is the Zel’dovich displacement
gk Uk
= /d3ke'q " z0(k). (11)

Note that 8; above has an infinite Taylor expansion in the linear field §;. In perturbation theory one can write this
as:

3
SIZZ;(H/ 61 > 27‘(‘ 5(3 (k kl n) n(kla-"akn); (12)

where K, (k) =1 and

. k- kq k- ko (fuk) ki, ko
Ko(ki, ko) = + + + ,  ete. (13)
2% 2k3 2 \ Kk k3

where k;, = (k; - 2), and k = kq + ... + k,, for the n’th kernel. This expansion is very similar to that of the Zel’dovich
matter density field [137-140]

5Z(kj) = /dgq e—ik"(‘ﬁ‘d’l(q)+f2(¢1(Q)'2)) — Z (H/ ) 27‘(‘)3(5(3 (kf kl...n)FgA(kl, ...,kfn), (14)

with FZA =14 f(k - 2)?, and
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These building blocks will be useful in our future discussion. The shifts implemented by the Zel’dovich displacement
introduce higher order non-linear effects. In the following, we will discuss these effects more systematically.

Nonlinearities in the bias expansion are a second important source of corrections. In the perturbative Eulerian bias
formulation these are given by

n d k ,
=Y =% H Kn(ky, o k) (21)205 (k — Ky — .. — ky) (16)
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